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10.9* Poincaré recurrence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 324
10.10 Generating functions for finite canonical transformations . . . . . . . . . . 329
10.11 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335

11 Angle-action variables 341
11.1 Angle-action variables for the harmonic oscillator . . . . . . . . . . . . . . 342
11.2 Generator of CT to angle-action variables: Hamilton-Jacobi equation . . . . 344
11.3 Generating function for oscillator angle-action variables . . . . . . . . . . . 346
11.4 Angle-action variables for systems with one degree of freedom . . . . . . . 347



x Contents

11.5* Angle-action variables for libration of the simple pendulum . . . . . . . . . 348
11.6* Bohr-Sommerfeld quantization rule . . . . . . . . . . . . . . . . . . . . . . 349
11.7* Liouville integrability and KAM tori . . . . . . . . . . . . . . . . . . . . . 351
11.8* Liouville-Arnold theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 353
11.9* Conserved quantities from a Lax pair . . . . . . . . . . . . . . . . . . . . . 357

11.9.1* Harmonic oscillator Lax pair . . . . . . . . . . . . . . . . . . . . 357
11.9.2* Isospectral evolution and conserved quantities . . . . . . . . . . . 358
11.9.3* Toda chain: Flaschka’s variables and a Lax pair . . . . . . . . . . . 359
11.9.4* Euler-Poinsot top Lax pair: spectral parameter . . . . . . . . . . . 361

11.10 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362

12 Hamilton-Jacobi equation 365
12.1 Time-dependent Hamilton-Jacobi evolution equation . . . . . . . . . . . . . 367
12.2* Connection of Hamilton-Jacobi to Schrödinger and eikonal equations . . . . 370
12.3 Separation of variables in the Hamilton-Jacobi equation . . . . . . . . . . . 372
12.4 Hamilton’s principal function as action along a trajectory . . . . . . . . . . 376
12.5* Geometric interpretation of Hamilton-Jacobi equation . . . . . . . . . . . . 377
12.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380

13 Normal modes of oscillation and linear stability 383
13.1 Elementary examples of coupled small oscillations . . . . . . . . . . . . . . 384

13.1.1 Normal modes of two weakly coupled pendula . . . . . . . . . . . 384
13.1.2 Normal modes of a diatomic molecule . . . . . . . . . . . . . . . 386

13.2 Double pendulum: formulation and small oscillations . . . . . . . . . . . . 387
13.2.1 Energy, Lagrangian and equations of motion . . . . . . . . . . . . 388
13.2.2 Normal modes of a double pendulum . . . . . . . . . . . . . . . . 390

13.3* Normal modes around a static equilibrium: general framework . . . . . . . 396
13.4 Small perturbations around a periodic solution . . . . . . . . . . . . . . . . 401

13.4.1 Formulation as a system of first order equations . . . . . . . . . . 403
13.4.2* Time evolution matrix . . . . . . . . . . . . . . . . . . . . . . . . 404
13.4.3* Monodromy matrix . . . . . . . . . . . . . . . . . . . . . . . . . 408
13.4.4* Stability of a periodic solution . . . . . . . . . . . . . . . . . . . . 408
13.4.5* Kapitza pendulum with oscillating support: Mathieu equation . . . 410

13.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 413

14 Bifurcations: qualitative changes in dynamics 417
14.1 Bifurcations of vector fields on the real line . . . . . . . . . . . . . . . . . 417

14.1.1* Saddle-node bifurcation . . . . . . . . . . . . . . . . . . . . . . . 418
14.1.2* Transcritical bifurcation . . . . . . . . . . . . . . . . . . . . . . . 419
14.1.3* Pitchfork bifurcations . . . . . . . . . . . . . . . . . . . . . . . . 420

14.1.3.1* Supercritical pitchfork bifurcation . . . . . . . . . . . 421
14.1.3.2* Subcritical pitchfork bifurcation . . . . . . . . . . . . 422

14.2 Bifurcations in two dimensions . . . . . . . . . . . . . . . . . . . . . . . . 425
14.2.1* Saddle-node, transcritical and pitchfork bifurcations . . . . . . . . 425
14.2.2* Hopf bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . 427

14.3 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 430



Contents xi

15 From regular to chaotic motion 431
15.1 Chaos in iterations of a map . . . . . . . . . . . . . . . . . . . . . . . . . . 432

15.1.1 Lyapunov exponent and sensitivity to initial conditions . . . . . . . 433
15.1.2 Chirikov-Taylor standard map: a kicked rotor . . . . . . . . . . . . 434
15.1.3 Logistic map: period doubling, Cantor dust and Lyapunov exponent 438

15.2* Lyapunov exponents for continuous-time dynamical systems . . . . . . . . 446
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