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Example Language

Syntax of While-programs
a = x| n|a1 op, as
;= true | false | not b | by opy bo | a1 Op, as

S = [z := a]’| [skip]‘ | S1;52 |
if [b]¢ then Si else S | while [b]¢ do S

Example: [z:=1]1;while [x>0]2 do ([z:=z*y]3: [x:=x-1]%)

Abstract syntax — parentheses are inserted to disambiguate the syntax



Building an “Abstract Flowchart”

Example: [z:=1]1;while [x>0]2 do ([z:=z*y]3; [x:=x-1]%)

|

() — 1 [Z:=1]1
() = {2} N
() = {1,2,3,4} [x>0)2 )
YES
() — {(172)7(273)7 [ . ]3
(3,4), (4,2)} =
() — {(271)7(274)7 [X:=X—1]4
(372)7(473)} ‘




Initial labels

(S) is the label of the first elementary block of S:

- Stmt — Lab

([z := a]®) = ¢
([skip]®) = ¢
(51;52) = (S1)

(if [b]e then Sy else Sy) =
(while [b]¢ do S)

Example:

([z:=1]%; while [x>0]° do ([z:=z*y]>; [x:=x-1]%)) =1



Final labels

(S) is the set of labels of the last elementary blocks of S:

. Stmt — P(Lab)

([z :==al®) = {€
([skip]®) = {¢}
(51;82) = (52)
(if [b]¢ then Sy else So) = (51) U (S5)
(while [b])° do S) = {¢}

Example:

([z:=1]%;while [x>0]° do ([z:=z*y]3; [x:=x-1]%)) = {2}



Labels

(S) is the entire set of labels in the statement S:

: Stmt — P(Lab)

([ :==dl") = {¢
([skip]) = {€}
(S1;82) = (S1) U (52)
(if [b]¢ then Sy else So) = {¢} U (S51) U (S5)
(while [b] do S) = {{}U (S)

Example

([z:=1]%; while [x>0]° do ([z:=z*y]3; [x:=x-1]%)) = {1,2,3,4}



Flows and reverse flows

(S) and (S) are representations of how control flows in S:

, : Stmt — P(Lab x Lab)

([ :==a]®) = 0
([skip]®) = 0
(S1,82) = (51)U (S2)

U {4, init(S2)) | £ € (S1)}
(S1) U (52)

U {(£,init(S1)), (£, init(S2))}
(S) Ui, init(S))}

UA{W,0) |0 e (S)}

(if [b]* then S7 else S»)

(while [b]¢ do S)

(8) = { )] (,0) € flow(S)}



Elementary blocks

A statement consists of a set of elementary blocks

. Stmt — P(Blocks)

([x == al®)

([skip]®)

(S1:52)

(if [b]* then S7 else S»)
(while [b]¢ do S)

{lx := ]9
{[skip]‘}

(S1) U (S2)
{1} U (1)U (S2)
{[b]} U (S)

A statement S is label consistent if and only if any two elementary
statements [S1]¢ and [S5]¢ with the same label in S are equal: S; = So

A statement where all labels are unique is automatically label consistent



Intraprocedural Analysis

Classical analyses:
e Available Expressions Analysis
e Reaching Definitions Analysis
e VVery Busy EXxpressions Analysis
e Live Variables Analysis

Derived analysis:

e Use-Definition and Definition-Use Analysis



Available Expressions Analysis

The aim of the Available Expressions Analysis is to determine

For each program point, which expressions must have already
been computed, and not later modified, on all paths to the pro-
gram point.

Example: point of interest

{
[x:=a+b]!; [y:=a*b]2; while [y>-]3 do ([a:=a+1]%; [x:=a+b]°)

T he analysis enables a transformation into

[x:= a+b]!; [y:=a*b]?; while [y>@]> do ([a:=a+1]?; [x:= a+b]°)



Available Expressions Analysis — the basic idea

N=X;N X5

r .= aqa

Kill
X = (N\{expressions with an z})

U :{subexpressions of a without an :c]:
gen




Available Expressions Analysis

kill and gen functions

Killag([z = a]®) = {d' € AExp, |z € FV(d')}
Killpg([skip]©) = @
Killpg([b]°) = 0
genpe([z 1= a]®) = {d’ € AExp(a) | z ¢ FV(a")}
genpe([skip]’) = 0
genae([b]Y) = AExp(b)

data flow equations: AE™

o @ if ¢ = (S*)
AEcntry(£) = { N{AE..; (&) | (£, ¢0) (Sx)} otherwise

AEe:m't(e) (AEentry(£>\K[//AE(B£)) U genAE(Be)
where B ¢ (Sy)



Example:

[x:=a+b]’; [y:=a*b]?; while [y>a+b]> do ([a:=a+1]?; [x:=a+b]°)

kill and gen functions:

¢ Killpg () genpe(£)
1 0 {a+b}
2 0 {axb}
3 0 {a+b}
4 | {a+b, axb, a+l} )

5 0 1atb}




Example (cont.):

[x:=a+b]’; [y:=a*b]?; while [y>a+b] do ([a:=a+1]?; [x:=a+b]°)

Equations:
AEentry(l) = 0
AEentry(z) = AE.;;1(1)
AEentry(?’) — AEexz’t(z) M AEea:z't(5)
AEentry(4) = AE.;1(3)
AEentry(E’) = AE.;1(4)
AE@:J:Z'L‘(]-) — AEentry(l) U {a+b}

AEcir(2) = AEentry(Q) U {a*b}
AEe:m't(3) — AEent'ry(?’) U {a+b}
AE ;i (4) AEentry(4)\{a+ba a*b, a+1}
AEeajit(5) AEentry(S) U { }



Example (cont.):

[x:=a+b]!; [y:=a*b]?; while [y> a+b]3 do ([a:=a+1]%; [x:=a+b]®)

Largest solution:

AE entry (€> AEexit (£>
] {a+b}
{a+b} | {a+b, ax*b}
{a+b} {a+b}
{a+b} ]
0 {a+b}

P WNRS




Why largest solution?

[z:=x+y]€;while [true]el do [Skip]él/

Equations: |
AEentry(e) = 0 [-- .]6
AEentry (E/) — AEe:m't (6) M AEe:m't (6”) i \

AEentTy (EH) = AEcu (6/) [ ]E’ NO

AE ;i1 (£) = AEemﬁry (£) U {x+y} \yes
AE oyt (6/) = AE entry (6/) i
AE ezt (EH) — AEentry (6”) [

After some simplification: AE.,;., (') = {x+y} N AE¢1, (€)

Two solutions to this equation: {x+y} and ()



Reaching Definitions Analysis

The aim of the Reaching Definitions Analysis is to determine

For each program point, which assignments may have been made
and not overwritten, when program execution reaches this point
along some path.

Example: point of interest

J
[x:=5]1; [y:=1]%; while [x>1]3 do ([y:=x*y]%; [x:=x-1]°)

useful for definition-use chains and use-definition chains



Reaching Definitions Analysis — the basic idea

N = X;UX>

[z = a]®

Kill

\ U {(z, 0}
gen




Reaching Definitions Analysis

kill and gen functions

killpp(lz = al®) = {(z,7)}
U{(x, ) | BY is an assignment to z in Sk}
killkp([skip]?) = 0
Killgp([b])) = 0
genpp(le = a’) = {(2,0)}
gengp([skip]®) = 0
gengp([b]) = 0

data flow equations: RD™

[ {@?) |z € FV(S)} if € = in/t(S.)
RDentry (£) = {U{RDem(e')ue',e)e (S,)} otherwise

RDe:z:z't(e) (RDentry(g)\kH/RD(Be)) U genRD(BE)
where Bt ¢ (Sx)



Example:

[x:=5]1; [y:=1]%; while [x>1]3 do ([y:=x*y]%; [x:=x-1]°)

kill and gen functions:

Killrp (£) gengp(£)
{(x,7),(x,1),(x,5)} | {(x,1)}
{(y,7), (be), (v,4)} {(be)}
{(v,7),(y,2),(7,4)} | { }
{(x,7),(x,1),(x,5)} | {(x,5)}

O WN RS




Example (cont.):

[x:=5]1; [y:=1]%; while [x>1]3 do ([y:=x*y]%; [x:=x-1]°)

Equations:

RDentry(l)

RDentry (2) =
RDentry (3) =

RDentry(4)
RDent'ry(S)

RDe:m't(]-)
RDexit(Q)
RDe:z:z't(?’)
RDea;z't(4)
RDem’t(S)

{=7),(,7)}
RDeazz't(l)

RDem’t(Q) U RDexz't(5)
RDe:m't(3)

RDe:L’z't(4)

(RDentry(l)\{<Xa 7),(x,1),(x,5) ) uU{(x,1)}
(RDentry(Q)\{(Ya 7),(y,2), (y, 4)}> U {(Y7 2)}
RDentry<3>

(RDentry(4)\{(Ya ?), (y,2), (¥, 4)}) U{ }
(RDentry (BIN{(x,7), (x, 1), (x,5)}) U{(x,5)}



Example (cont.):

[x:=5]%; [y:=1]%; while [x>1]3 do ([y:=x*y]%; [x:=x-1]°)

Smallest solution:

RD entry (8)

RDexz't (6)

OOPP WN RS

{(x,7),(y,?)}
{(y,7),(x,1)}
{(x,1),(y,2),(y,4),(x,5)}
{(x,1),(y,2),(y,4),(x,5)}
{(x,1),(y,4),(x,5)}

{(y,7),(x,1)}
{(x,1),(y,2)}
{(x,1),(y,2),(y,4),(x,5)}
{(x,1),(y,4),(x,5)}
{(y,4),(x,5)}




Why smallest solution?

Equations:

RD entry (é )

RD entry (6/) —

RD entry (6/,)
RD exit (6)

RD exit (6,) —

RD exit (6”)

[z:=x+y]€;while [true]el do [Skip]él/

{(x,7),(y,7),(2,7)}
RDe:m't (6) U RDexz't (E//)
RDea:z't(el)

(RDentry(E) \ {(27 ?)})U{(z,@)}
RDentry(gl)
RDentry (6”)

]el NoO

After some simplification: RD,;, (¢") = {(x,7), (y,7),(2,£)} URD 1, (£')

Many solutions to this equation: any superset of {(x,7),(y,?),(z,£)}



Very Busy EXxpressions Analysis

An expression is very busy at the exit from a label if, no matter what
path is taken from the label, the expression is always used before any of
the variables occurring in it are redefined.

The aim of the Very Busy Expressions Analysis is to determine

For each program point, which expressions must be very busy at
the exit from the point.

Example:
point of interest

Vif [a>b]! then ([x:=b-a]>: [y :=IE8BI]°) else ([y:=Db-a]?; [x:=[288I]°)

The analysis enables a transformation into

[t1:=b-a]4; [t2: |52l B;

if [a>b]! then ([x:=t1]?; [y:=t2]3) else ([y:=t1]%; [x:=t2]°)



Very Busy Expressions Analysis — the basic idea

Kill
(X\{all expressions with an z})

U {all subexpressions of a}
gen

N

T .= aqa

X = N7 N N>




Very Busy EXxpressions Analysis

kill and gen functions

Kilhg([z = a]¥) = {d’ € AExp, |z € FV(d)}
kilhyg([skip]?) = 0
Killyg([b]Y) = 0
genyg([x := a]®) = AExp(a)
genyg([skip]t) = @
genyg([b]) = AExp(b)

data flow equations: VB™

(0 if £¢ (S%)
VBt (£) = { N{VB ety (&) | (¢,€) € (Sx)} otherwise

VBentry(£> (VBem’t(g)\ki//VB(Bg)) U genVB(Be)
where B ¢ (S4)



Example:

if [a>b]! then ([x:=b-a]?; [y:=a—b]3) else ([y:=b—a]4; [x:=a-b]°)

kill and gen function:

¢ | kilhyg(£) | genyg(¥£)
1 0 0

2 0 {b-a}

3 0 {a-b}

4 0 {p-a}

5 0 {a-b}




Example (cont.):
if [a>b]! then ([x:=b-a]?; [y:=a-b]>) else ([y:=b-a]*;[x:=a-b]°)

Equations:

VBentry(l) VBemt(l)
VBentry(Q) = VB.;;1(2) U{b-a}
VBentry(:S) = {a-b}
VBentry(4) = VB, (4) U{b-a}
VBent'ry(S) {a-b}
VBea:it(l) VBentry(2> M VBentry(4)
VBt (2) = VBentry(3)
VBeit(3) = 0
VB it(4) = VBentry(5>
VBe:m't(S) )



Example (cont.):

if [a>b]! then ([x:=b-a]?; [y:=a-b]3) else ([y:=b-a]*; [x:=a-b]°)

Largest solution:

¢ VB entry (£) VB cyit (£)
1|{a-b,b-a} | {a-b,b-a}
2 | {a-b,b-a} | {a-b}

3| {a-b} 0

4 | {a-b,b-a} | {a-b}

5| {a-b} 0




Why largest solution?

Equations:

VBentry (6)
VB entry (6,)
VB entry (6”)
VB yit (6)
VB eyt (ﬁ,)
VBt (6”)

After some simplifications: VB,,;:(¢) = VB,,;;(£) N {x+1}

Two solutions to this equation: {x+1} and ()

(while [x>1]¢ do [skip]®); [x:=x+1]""

VBem't (6)

VBea:z't (6/)

{x+1}

VB entry (6/) NnVB entry (6”)

VB entry (6)
0

no




Live Variables Analysis

A variable is live at the exit from a label if there is a path from the label
to a use of the variable that does not re-define the variable.

The aim of the Live Variables Analysis is to determine

For each program point, which variables may be live at the exit
from the point.

Example:
point of interest

J
[ x :=2]1; [y:=4]2; [X:=1]3; (if [y>X]4 then [z:=y]5 else [z:=y*y]6); [X:=z]7
The analysis enables a transformation into

[y:=4]%; [x:=1]3; (if [y>x]* then [z:=y]° else [z:=y*y]®); [x:=z]’



Live Variables Analysis — the basic idea

U {a II variables of a}
gen

T .= aqa

X = N{UN>

T




Live Variables Analysis

kill and gen functions

Kily([z := a]*) = {z}
killy([skip]t) = @
Killpy([b]°) = 0
geny([z 1= al®) = FW(a)
genyy([skip]?) = 0
genpy([b]) = FV(b)

data flow equations: LV—

(0 if £ ¢ (S%)
l—vemt(e) — { U{I—Ventry<£,) | (6/76) c (S*)} otherwise

I—Ventry(e) — (Lvexit(g)\Ki//LV(Be))UgenLV(BE)
where B e (S%)



Example:

[x:=2]1; [y:=4]7; [x:=1]3; (if [y>x]* then [z:=y]° else [z:=y*y]®); [x:=z]’

kill and gen functions:

¢ | Killpy(£) | genpy(£)
1| {x} 0

2] Ay} 0

3 {x} 0

41 0 {x,y}
5| {z} {y}

6| {z} {v}

7] {x} 1z}




Example (cont.):

[x:=2]1; [y:=4]7; [x:=1]3; (if [y>x]* then [z:=y]° else [z:=y*y]®); [x:=z]"

Equations:

I—Ventry ( 1 )

LV entry (2) =
LV entry (3) =
LV entry (4) =
I—Ventry (5) =

LV entry (6)
LV entry (7)

LV ezt (DN {x}

LV it (2)\ {y}

LV et (3)\{x}

LV it (4) U {x, v}
(LVerit (B)\{z}) U {y}
(LV ezt (6)\{z}) U {y}
{z}

LV exit ( 1)

LV exit (2) —
LV exit (3) —
LV exit (4) —

LV exit (5)
LV exit (6)
I—Vexz't (7)

LV entry (2)

LV entry (3)

LV entry (4)

LV entry (5) U I—Ventry (6)
LV entry (7)

LV entry (7)

0



Example (cont.):

[x:=2]1; [y:=4]7; [x:=1]3; (if [y>x]* then [z:=y]° else [z:=y*y]®); [x:=z]"

Smallest solution:

¢ I—Ventry (£) LV et (£)
1 0 0

2 0 {v}

3| Ay} {x, v}
41 A{x,y} {v}

5/ Ay} {z}

6 {y} {z}

7 {z} )




Why smallest solution?

Equations:

I—Ventry (6 )
LV entry (6/)
LV entry (6//)
LV et (@ )
LV et (6/)
LV et (6//)

(while [x>1]¢ do [skip]®); [x:=x+1]""

LV i (£) U {x}
I—Ve:m't (ﬁ/)

1x}
I—Vem‘ry (6/) U I—Ventry (EN)

LV entry (6 )
0

no

After some calculations: LV,.,;;(¢¥) = LV .;;(£) U {x}

Many solutions to this equation: any superset of {x}




Monotone Frameworks

e Monotone and Distributive Frameworks
e Instances of Frameworks

e Constant Propagation Analysis



The Overall Pattern

Each of the four classical analyses take the form

: . L if/c E
Analysis,(£) = { LI{Analysis,(£") | (¢/,£) € F} otherwise
Analysise(£) = fo(Analysis,(£))
where

—|JisNor Y (and U is U or N),

— F' is either (Sx) or (Sx),

— E is {init(Sx)} or (Sx),

— 1 specifies the initial or final analysis information, and

— f; is the transfer function associated with Bt ¢ (Sx).



The Principle: forward versus backward

e The forward analyses have F to be flow(Sx) and then Analysis,
concerns entry conditions and Analysis, concerns exit conditions;
the equation system presupposes that Sx has isolated entries.

e The backward analyses have F to be flon'~(Sy) and then Analysis,
concerns exit conditions and Analysis, concerns entry conditions; the
equation system presupposes that S, has isolated exits.



The Principle: union versus intersecton

e \When || is | we require the greatest sets that solve the equations
and we are able to detect properties satisfied by all execution paths
reaching (or leaving) the entry (or exit) of a label; the analysis is
called a must-analysis.

e When || is | we require the smallest sets that solve the equations and
we are able to detect properties satisfied by at least one execution
path to (or from) the entry (or exit) of a label; the analysis is called
a may-analysis.



Property Spaces

The property space, L, is used to represent the data flow information,
and the combination operator, ||. P(L) — L, is used to combine infor-
mation from different paths.

e [ is a complete lattice, that is, a partially ordered set, (L,C), such
that each subset, Y, has a least upper bound, | ]Y.

e [ satisfies the Ascending Chain Condition; that is, each ascending
chain eventually stabilises



Example: Reaching Definitions
e . = P(Var« x Laby) is partially ordered by subset inclusion so C is C
e the least upper bound operation | ] is |J and the least element L is ()

e [ satisfies the Ascending Chain Condition because Var, x Lab, is
finite (unlike Var x Lab)



Example: Available EXxpressions

e . =P(AExp,) is partially ordered by superset inclusion so C is D

e the least upper bound operation || is | and the least element L is
AExp,

e [ satisfies the Ascending Chain Condition because AExp, is finite
(unlike AExp)



Transfer Functions

The set of transfer functions, F, is a set of monotone functions over L,
meaning that

[ T 1" implies fy(1) T fo(1)

and furthermore they fulfil the following conditions:

e F contains all the transfer functions f, : L — L in question (for
14 & Lab*)

e F contains the identity function

e F is closed under composition of functions



Frameworks

A Monotone Framework consists of:

e a complete lattice, L, that satisfies the Ascending Chain Condition;
we write | | for the least upper bound operator

e a set F of monotone functions from L to L that contains the identity
function and that is closed under function composition

A Distributive Framework is a Monotone Framework where additionally
all functions f in F are required to be distributive:

fiuln) = f(l1) U f(l2)



Instances
An instance of a Framework consists of:

— the complete lattice, L, of the framework

— the space of functions, F, of the framework

— a finite flow, I’ (typically (S%) or (S%))

— a finite set of extremal labels, E (typically {init(Sx)} or (S%))
— an extremal value, . € L, for the extremal labels

— a mapping, f., from the labels Lab, to transfer functions in F



Equations of the Instance:

Analysis,(£) = | [{Analysis,(¢) | (¢,£) € F} U4

where £ — ) ¢ if¢ek
E L ifi¢E

Analysise(£) fo(Analysis,(£))

Constraints of the Instance:

Analysis,(¢) 3 | |[{Analysis,(¢) | (¢,£) € F} Ut

where £ — 1 ¢ if¢ek
E 1L ife¢E

Analysise(£) 3 fy(Analysis,(£))



The Examples Revisited

Available Reaching Very Busy Live

EXxpressions Definitions Expressions | VVariables
L | P(AExp,) P(Var, x Laby) P(AExp,) | P(Vary)
L D) C D) C
L N U M U
1 AExp, 0 AExp, 0
L ) {(x,?)|ze FV(Sx)} ) )
E | {init(S«)} {init(S«)} (Sx) (S«)
F (S%) (Sx) (Sx) (S%)
F {f1L—L|3y,ly: f(1) = U\1g)Ulg}
s f,(D) = (1\ kill(BY)) U gen(B*) where Bf ¢ (S4)




Bit Vector Frameworks

A Bit Vector Framework has
o L =P(D) for D finite

o F={f13lg: f() = U\ 1) ULy}

Examples:
e Available Expressions
e Live Variables
e Reaching Definitions

o VVery Busy EXxpressions



Bit Vector Frameworks are always Distributive Frameworks

_ [ fiul) _ [ ((ul) \ ) Ul
Flul) = {30 i) = | (i) \ 1) Ul
_ (U \ ) U (2 \ k) U _ ) W\ ) Uilg) U (U2 \ 1) Ulg)
| (U \ ) N2\ 1)) Ul | (U \ ) Ulg) N (U2 \ k) Ulg)
_ ) f)ufd2) _
— <\ F(1) N F(1) = f(1) U f(2)

e id(l) =({\D)UD
o fo(f1(1) = U\ UIH\IP UG =\ GUED)U UG\ UL
e monotonicity follows from distributivity

e P(D) satisfies the Ascending Chain Condition because D is finite



