de Sitter, extremal surfaces
and time entanglement

K. Narayan

Chennai Mathematical Institute

e de Sitter space, dS/CFT and de Sitter entropy

e dS extremal surfaces: future-past, no-boundary, pseudo-entropy.

e dS surfaces: analytic cont’ns, Lewkowycz-Maldacena, subregion duality, entropy relns
e QM: pseudo-entropy, time-entanglement (EE, timelike separations)

2210.12963, 2310.00320, KN;  2303.01307, KN, Saini (also 1501.03019, 1711.01107, 2002.11950, ...)

[collaborations: Kaberi Goswami, Dileep Jatkar, Kedar Kolekar, Hitesh Saini, Gopal Yadav]

[Partial overlap: Doi,Harper,Mollabashi, Takayanagi, Taki, 22]



Holography and asymptotics

25+ yrs since AdS/CFT ’97 Maldacena; 98 Gubser,Klebanov,Polyakov; Witten.
Holography: quantum gravity in M <> dual without gravity on dM ('t Hooft, Susskind).
(Witten@Strings'98, '01)  Gauge/gravity duality and asymptotics —

A <0: AdS — asymptotics at spatial infinity.

Dual: unitary Lorentzian CF'T, includes time.

A =0: flat space — null infinity — S-matrix, symmetries. . .

I+
future timelike infinity

A > 0: de Sitter space
Boundary at future/past timelike infinity Z=. borizon horizon

Dual — Euclidean CFT ... Time emergent.

[note: gravity dual of ordinary Euclidean CFT — Euclidean AdS] ——

past timelike infinity
T

Might regard de Sitter as toy model for cosmology.
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de Sitter space, dS/CFT, entanglement

de Sitter entropy = area of cosmological horizon (Gibbons Hawking).

Some sort of (holographic) entanglement? Ryu-Takayanagi generalizations?
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de Sitter space, dS/CFT, entanglement

de Sitter entropy = area of cosmological horizon (Gibbons Hawking).

Some sort of (holographic) entanglement? Ryu-Takayanagi generalizations?

dS/CFT: (01 Strominger; Witten) future timelike infinity ZT as a natural
dS boundary. Euclidean non-unitary CFT dual. Time emergent.
[note: gravity dual of ordinary Eucl CFT — Eucl AdS]

, . . . Hartle-Hawki
(Maldacena '02) AdS, analytic continuation — | Zopr = Vyg “f;%e?un:g():ff the Universe

Bulk expectation values (¢rpp/) ~ [ Do oppp | ¥|? — dual = two CFT copies.

Dual energy-momentum (T'T) 2-pt fn — C negative/imaginary, ghost-CFT.

Anninos,Hartman,Strominger: higher-spin dSy dual to Sp(N) ghost CFTg, ...
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de Sitter space, dS/CFT, entanglement

de Sitter entropy = area of cosmological horizon (Gibbons Hawking).

Some sort of (holographic) entanglement? Ryu-Takayanagi generalizations?

dS boundary. Euclidean non-unitary CFT dual. Time emergent.
[note: gravity dual of ordinary Eucl CFT — Eucl AdS]

, . . . Hartle-Hawki
(Maldacena '02) AdS, analytic continuation — | Zopr = Vyg “f;%e?un:g():ff the Universe

Bulk expectation values (¢rpp/) ~ [ Do oppp | ¥|? — dual = two CFT copies.

Dual energy-momentum (T'T) 2-pt fn — C negative/imaginary, ghost-CFT.

Anninos,Hartman,Strominger: higher-spin dSy dual to Sp(N) ghost CFTg, ...

2 .

R ) R2 13,0 0
dS4, Poincare: ds?=—45(—dr2+dz? ]~ etSctle]l o e Ji Rask e pept-
—4 T

2

R
— dual CFT: (0,0,/) ~ w — C3 o~ — Gdf
k/

Global/static dS from global AdS: other analytic continuations.

T = —iT, Rpgqg — —iRgg.

} Yasle

dS/CFT: (01 Strominger; Witten) future timelike infinity ZT as a natural
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dS, future boundary, extremal surfaces

KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

E o
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dS, future boundary, extremal surfaces

KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces

anchored at I*, dipping into holographic (time) direction.

E o

Extremization: surfaces anchored at future boundary It —
No real IT — It turning point (Lorentzian ds).

Interior boundary condns? Time contours?

Surfaces do not return to I1.
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dS, future boundary, extremal surfaces

KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

Extremization: surfaces anchored at future boundary It —
N s No real IT — It turning point (Lorentzian ds).

' Surfaces do not return to I,  mterior boundary condns? Time contours?

Future-past surfaces: entirely Lorentzian dS. Surfaces start at 11, end at 1. o"‘:
- hes e ) (
Entirely timelike so area has overall —i (relative to AdS spacelike surfaces). Q

No-boundary surfaces: Hartle-Hawking no-boundary dS. Complex area.

(top timelike part of f-p surface joined with real surface with turn-around in bottom hemisphere)

AdS — global/static dS surfaces: analytic continuation = space <> time rotation.

4/26



dS, future boundary, extremal surfaces

KN '15-23] A natural generalization of Ryu-Takayanagi to de Sitter =
bulk analog of setting up entanglement entropy in dual Eucl CFT —
define some boundary Eucl time slice — codim-2 RT/HRT surfaces
anchored at I*, dipping into holographic (time) direction.

Extremization: surfaces anchored at future boundary It —
N s No real IT — It turning point (Lorentzian ds).

' Surfaces do not return to I,  mterior boundary condns? Time contours?

Future-past surfaces: entirely Lorentzian dS. Surfaces start at 11, end at 1. o"‘:

Entirely timelike so area has overall —i (relative to AdS spacelike surfaces). Q

No-boundary surfaces: Hartle-Hawking no-boundary dS. Complex area.
(top timelike part of f-p surface joined with real surface with turn-around in bottom hemisphere)

AdS — global/static dS surfaces: analytic continuation = space <> time rotation.

Areas: new object — Pseudo entropy or “Time entanglement”.

(EE-like structures, timelike separations)

A |F)y (I 5 e i (Nakata Talavanaot Talki Tamanka Wei 290)
TFU =Trp <W) [entropy of reduced transition matrix (Nakata, Takayanagi, Taki, Tamaoka, Wei,’20)]
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“Entanglement” in ghost theories: ghost-spins

KN'16; Jatkar, KN'17; Jatkar,Kolekar, KN'18

e Replica arguments (Calabrese, Cardy) generalized to ¢ = —2 ghost CFTs:
twist operator 2-pt fn — Re(S) < 0. Subtleties. L) = 10); (—Q|T(2)]0) = 0]
“Ghost-spin” — 2-state spin variable with indefinite norm. [ordinary spin:
L4 (tI)y=1=)]
=4It =1 dInH=d¢lh=0

Ii):%(\ﬂi\i)): (£|£) =v44 ==+1, (+[-)=(-[+) =0

Infinite ghost-spin chains, (nn)-intns — continuum limit — be-ghost CFT.
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“Entanglement” in ghost theories: ghost-spins

KN'16; Jatkar, KN'17; Jatkar,Kolekar, KN'18

e Replica arguments (Calabrese, Cardy) generalized to ¢ = —2 ghost CFTs:

twist operator 2-pt fn — Re(S) < 0. Subtleties. L) = 10); (—Q|T(2)]0) = 0]

“Ghost-spin” — 2-state spin variable with indefinite norm. [ordinary spin:
o (tI)y=1=)]
=4It =1 (rIn=¢1H=0

Ii)E%(\ﬂiH)): (£|£) =v44 ==+1, (+[-)=(-[+) =0

Infinite ghost-spin chains, (nn)-intns — continuum limit — be-ghost CFT.

o p=|Y) (¥ ”—B) RDM 4, remaining ghost-spin — von Neumann entropy.

2 g5, DHNG): (1) = viprw T oM = R p T2 et T2 =

RDM: (pA)'“”' = »lewijwkl*; EE: Sy = —v;;(pa log pA)ij [new patterns]

e | —ve norm < Im(Sy4) e +ve norm |¢) # +ve RDM, EE.

e 2 copies: entangle identical ghost-spins from each copy — +wve norm, RDM, EE

|y = T |4)|4) + ¥~ |=)|—) = Positivity —— correlated ghost-spins
Also true for 2 copies of general ghost-spin ensembles: [+) = Z|<"n> PN 9n oy Yoy ) — Positivity.
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de Sitter space, extremal surfaces
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de Sitter extremal surfaces

2
R "
Poincare) : 2 _ Rgg 2 .02 2 L
as (Poincare) = ds},; = ‘rﬂ_d (=d7r% + dw® 4 da7) N\ | Bndry Eucl time w=const

strip @ It — codim-2.
Syg x [ =9 1_(072)2 — (9r2)2= —B2z292 g2 g
ds > J Td—1 T T 1+B2-2d—2

Sign diff. from AdS = ‘ No real It — It “turning point”.

KN '15; Sato ’15
B2 < 0: Analytic cont’'n » — —ir, R —+ —iRgg from AdS RT — Complex areas.
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de Sitter extremal surfaces

ds (Poincare) : dsi 1=
2_2d—-2
d 2 2 B 2
Sqs o f I 1-(0r2)2 — (9ra)?= T BTmymy (B2 >0]

Sign diff. from AdS = ‘ No real It — It “turning point”.

B2 < 0: Analytic cont’'n »r - —ir, R — —iRyg from AdS RT — Complex areas.

2
R 7
2 2 2 v .
= 7‘15 (—dr? 4 dw? + d=?) N | Budry Eucl time w=const
strip @ It — codim-2.

> RT

KN ’15; Sato '15

2 2
dS (static) ds2 = —727—;2?1 + (5 —nar? 4 r2a03_ . KNI17

Bndry Eucl time slice, any sd—1 equatorial plane (OR t=const slice).

‘ Future-past (timelike) surfaces connecting I+ to I~

2
Hartman-Maldacena (AdS bh) rotated. [area div —i% %]
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de Sitter extremal surfaces

2
R "
Poincare) : 2 _ Rgg 2 .02 2 L
as (Poincare) = ds},; = ‘2*7_‘1 (=d7r% + dw® 4 da7) N\ | Bndry Eucl time w=const

strip @ It — codim-2.
Syg x [ =9 1_(072)2 — (9r2)2= —B2z292 g2 g
ds > J Td—1 T T 1+B2-2d—2 :

Sign diff. from AdS = ‘ No real IT — It “turning point”.

KN '15; Sato ’15
B2 < 0: Analytic cont’'n » — —ir, R —+ —iRgg from AdS RT — Complex areas.

ati 2 _ __ dr? r2 _ 24,2402 N 17 \ .
dS (static) ds2 = eyt U - Da? fr2a0d g KNI \
Bndry Eucl time slice, any sd-1 equatorial plane (OR t=const slice). N :

7.
Future-past (timelike) surfaces connecting I+ to I~ /

2
Hartman-Maldacena (AdS bh) rotated. [area div —i% %]

Seico S (global): as3 ) = —ar? +12 cosh? Tan3.
o2
2 2 _ E
d'*global,‘gd:wmt ds5taticlimconst 7L COSR T

X 2
f-p surfaces connecting §-caps at 1¥, wrapping s4—2. IR area —i% KLC [dS4]
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 d02; T =ilrg, 0< T < 3.
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 d02; T =ilrg, 0< T < 3.

Some S¢ equatorial plane (ie. si—1y — timelike future-past
surface at 6 = Z [IR limit). Hits 7 = 0 mid-slice “vertically”: join
smoothly at 7 = 0 with surface going around bottom hemisphere.
Smooth joining <> consistency of F-P with Hartle-Hawking.
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de Sitter no-boundary surfaces

Hartle-Hawking no-boundary proposal: Lorentzian dS evolves in time from a
no-boundary Euclidean initial configuration. Cut global dS in middle (7 = 0 slice),
join top half with hemisphere in bottom half given by Euclidean continuation

ds? =12dr% +12cos? 7 d02; T =ilrg, 0< T < 3.

Some S¢ equatorial plane (ie. si—1y — timelike future-past
surface at 6 = Z [IR limit). Hits 7 = 0 mid-slice “vertically”: join
smoothly at 7 = 0 with surface going around bottom hemisphere.
Smooth joining <> consistency of F-P with Hartle-Hawking.

IR bottom surface: ds2 = 12d7'%: +12 cos? 75 (d6? +sin? 0 d93,2)‘9:%
1—1
-1 /2 YT Vad—1
Area = L5 v /2 g (cosTg)dT2 = 1
1G4 Vsd—2 Jo E ( E) 27 4G4,

Precisely half dS entropy: emerges differently from area of cosmological horizon
(static patch observers). [One hemisphere direction here is Euclidean continuation of time in future universe]
12 Re iSep,

2
SdS4 = —i 27VG4 4+ % Similarities with Wavefunction ¥ g = e

e Half dS entropy also emerges for no-bndry dS static t = const surfaces.

[dS3: Hikida,Nishioka, Takayanagi, Taki]; [KN'22]
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dS extremal surfaces — “Time-Entanglement”

(‘)"ﬁma IR limit .
" - Stp = Snb — Shp, Re(Spp) = % dS entropy. v

Q Suggests Snp = Was, Sip = Vas, Uig Gt UT7).
. 712 Re . x2 R 2
[dS4] Spp = i G Swp = i3k, 0+ 34

dS extremal surfaces at It & areas = space-time rotations from AdS.
e.g. dS future-past surfaces = rotated Hartman-Maldacena surfaces (Ads BH).

dS extremal surfaces: no IT — It returns — timelike components necessarily.

Note: timelike geodesic length has overall —i relative to spacelike geodesic length.
We call this timelike length as “time” rather than “—i-space”.

These extremal surface areas with timelike components = new object,

“time entanglement” or pseudo-entropy. [entanglement-like structures, timelike separations]

Time-entanglement/Pseudo-entropy in QM [74 , =1r5 (%)] — later.

9/26



dSs3, 2-dim CFT; timelike intervals

Future-past surfaces, entirely Lorentzian global dSs3. [some $2 equatorial plane]

Area Sip = —’L‘GL3 10gé = 2(% log é) with CdSy = —i% [2 copies].

No-boundary dS3 surface: area s,,;, =—i

2G3 105 + W =< log%«k%(iw).

Im(S,,) = £log L for half-size interval (IR) in Eucl CFT on circle.
Re(Snp) from deep interior Euclideanization <+ “interior regularity”
in Eucl CFT dual (no time; bulk time emergent).

[S,,p is overall —i times EE for timelike interval in AdSg with ¢ = S5AdS
nb 3 2G3
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dSs, 2-dim CFT; timelike intervals

Future-past surfaces, entirely Lorentzian global dSs3. [some $2 equatorial plane]
Area Sip = —’L‘GL3 10gé = 2(% log é) with CdSy = —i% [2 copies].

105— + 4G3 = %log%«k%(iw).

No-boundary dS3 surface: area s,,;, =—i 23
Im(S,,) = £log L for half-size interval (IR) in Eucl CFT on circle.

) from deep interior Euclideanization <> “interior regularity

Re(s
in Eucl CFT dual (no time; bulk time emergent).

J&

[Spp is overall —i times EE for timelike interval in AdSg with ¢ =
2G5

AZ _ ¢

Ordinary unitary 2-dim CFTs: EE is s = ¢ log log LW,
Ordinary spacelike intervals A2 >0 — s

Entirely timelike interval, width At so A? < 0 S =% log At + &(im).

[Quantum extremal surfaces, dS Poincare: bulk ¢ > 0 matter entropy timelike separations
Chen,Gorbenko,Maldacena, '20, also Goswami,KN,Saini,’21].

[ Usual replica formulation in Euclidean CFT: pick interval Az = [u, v] on Eucl time slice T = const
" n

— n replicas glued at interval endpts — Trp’j — twist op 2-pt fn — S 4 = — lim,,_,1 9nTrp’}
Timelike interval At = [uy, v¢] on Eucl time slice z = const: continue to Lorentzian time rotating
(ug, vp), to (—iug, —ivg) 50 A% = —(vy — uy)? = —(An?]
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dS no-boundary surfaces, analytic cont’n

2

2 b 1 L 2 2
2 _ dr T 2 2 2 —ri — T 2 dr 2 2
as? = — 4= +(17—1)dt +r2ae?3_ | AR g2 77(1+ﬁ )at + T+ rang
=t Iz
r>1, dS < AdS |[r<l:tp——it = [0,

51 — dS bottom Eucl hemisphere +» EAdS]

Analytic cont’n = space<>time rotation:

AdS RT surface from r — oo (boundary) to

r =0 (and backky — IR dS RT/HRT surface from r — oo (future boundary) to r =1

(Lorentzian dS) going around Eucl hemisphere (r =1 to 7 = 0) (& back to 171).

dS RT/HRT surfaces, t = const slice (natural metaobservers?)

= 2
r>i] ds2=——dr? | ,2g02  Izik g2 dr® 2402

2 d—1 ) d—1

r ! r

=t Ttz

2 dr 2402 l=iL 2 _ _dr 2402 4

[r<1] ds iw A0y T e = i prtang Ll

12 L2
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dS no-boundary surfaces, analytic cont’n

dSQ _ l—iL

2 2 2 2
dr r 24,2402 _ r 2, _dr 2402
,ng+(17—1)dt +r2aed 2 ds? = — (14 Ly )ar ot an?_
1z z
r>1, dS + AdS [r<l:tp——it=1[0,7%

2] — dS bottom Eucl hemisphere +» EAdS]

Analytic cont’n = space<>time rotation: AdS RT surface from r — oo (boundary) to
r =0 (and backky — IR dS RT/HRT surface from r — oo (future boundary) to r =1

(Lorentzian dS) going around Eucl hemisphere (r =1 to 7 = 0) (& back to 171).

dS RT/HRT surfaces, t = const slice (natural metaobservers?)
2
[r>1] ds?=— 4% 42403 Azl g2 =—dr 42402
r L r
Tyl Ty -
2 _ dr 2402 | L=il _ _dr? 2502 b
[r<i] ds ﬁ-f—r an? == ds? = dre 02402
1-13 RN =
[ L
IR: max Vsd=2  Re pd=2gp Lo—il, Vgd-2 (g rd 2dr | pRed—2 dr2
subregion AGaqy 70 142 1G4 \ 'O ) l 2
subreg +1z iz 12
d—1
e d—1 Rr4—2
. . 1 d—1 i L ¢
(blue: generic 6 o) 3 Eremm i 1G 41 142
[asy: 7rL2<Rc —1) - x12 Re le] [dS3: 2E 1og Be & i L 1o .y
4° 263 \L 2G4 1 26, 3 1G3 °¢ L 32G3 % 1G3




dS no-bndry surfaces, Lewkowycz-Maldacena

Hartle-Hawking Wavefunction of the Universe: amplitude (transition matrix) for
creating universe (final bndry condns) from “nothing” (satisfying HH no-boundary condition).

, (r<l)
RESEQIE))

Semiclassically ¥ ;5 ~ (fixed dS).

Top Lorentzian (real s(r>0) ), pure phasel.4 ‘Pottom hemispgere: iS.; — Eucl gravity action
r<l 4 .

s& >=7/ VE(R—28) — § 1St 6 = Z for dsy (abpis 7 = F).

nbp
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dS no-bndry surfaces, Lewkowycz-Maldacena

Hartle-Hawking Wavefunction of the Universe: amplitude (transition matrix) for
creating universe (final bndry condns) from “nothing” (satisfying HH no-boundary condition).

v (D) eS(r<z)

Semiclassically ¥ ;5 ~ (fixed dS).

Top Lorentzian (real 5(7'>l>) pure phaqe Bottom hemliphere iS.; — Eucl gravity action
r<li 14V 4

sr<b - / ViR —22) — L 16“%4 s = % for dSy (nbp is 1 = %).

nbp

Lewkowycz-Maldacena: bulk AdS replica dual to boundary replica EE argument.
ZcorT = Zyuik = boundary entanglement entropy = bulk entanglement entropy.
Replica quotient space By, = Bn, /Zy: conical singularities smoothed by codim-2 cosmic brane source (Dong).

n—1 A
n

[ Smooth action Ip, = nIy + Ippgne = nly +
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dS no-bndry surfaces, Lewkowycz-Maldacena

Hartle-Hawking Wavefunction of the Universe: amplitude (transition matrix) for

creating universe (final bndry condns) from “nothing” (satisfying HH no-boundary condition).
' ) 1 (r<i)
Semiclassically ¥ ;5 ~ e7'S(T> ) Sk (fixed dS).
Top Lorentzian (real 5(7'>l>) pure phaqe Bottom hemliphere iS.; — Eucl gravity action
r<i 14V,
sr<b - /b ViR —22) — L 16“%4 s = % for dSy (nbp is 1 = %).
nbp

Lewkowycz-Maldacena: bulk AdS replica dual to boundary replica EE argument.
ZcorT = Zyuik = boundary entanglement entropy = bulk entanglement entropy.
Replica quotient space By, = Bn, /Zy: conical singularities smoothed by codim-2 cosmic brane source (Dong).

n—1 A
n

[ Smooth action Ip, = nIy + Ippgne = nly +

dS/CFT: Zcpr = ¥4s = boundary replica via Zcpr — bulk replica on ¥4g
(single ket, not d.m.; non-hermitian) — Pseudo-Entropy (entropy of transition matrix; complex).

Analytic cont’n (semicl.): Z;;‘ds ~e In \I/%S ~etSn, 1, & Sy = iST(L’">l) n S(T‘<l).

SIR
1-n Abrane _ dS
G

Pseudo-entropy (IR surface): S; = liml(l — ndp)log ¥y = lun
n-—r
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dS no-bndry surfaces, Lewkowycz-Maldacena

Hartle-Hawking Wavefunction of the Universe: amplitude (transition matrix) for
creating universe (final bndry condns) from “nothing” (satisfying HH no-boundary condition).

:
. . ) >1 (r<i)
Semiclassically ¥ ;5 ~ e7'S(T ) Sk (fixed dS).
Top Lorentzian (real S("'>l>) pure phaqe Bottom hemliphere iS.; — Eucl gravity action
r<l 14V,
sr<b - /b ViR —22) — L 16“%4 s = % for dSy (nbp is 1 = %).
nbp

Lewkowycz-Maldacena: bulk AdS replica dual to boundary replica EE argument.
ZcorT = Zyuik = boundary entanglement entropy = bulk entanglement entropy.
Replica quotient space By, = Bn, /Zy: conical singularities smoothed by codim-2 cosmic brane source (Dong).

n—1 A
n

[ Smooth action Ip, = nIy + Ippgne = nly +

dS/CFT: Zcpr = ¥4s = boundary replica via Zcpr — bulk replica on ¥4g
(single ket, not d.m.; non-hermitian) — Pseudo-Entropy (entropy of transition matrix; complex).

Analytic cont’n (semicl.): Z;;‘ds ~e In \I/%S ~etSn, 1, & Sy = iST(L’">l) + S(T‘<l).

A sIR

Pseudo-entropy (IR surface): S; = liml(l — ndp)log ¥, = lun 1-n 7!”&”5 = dS
n—

Cosmic brane not spacelike <+ Euclidean + timelike no-bndry dS extremal surface.
LM replica formulation: entropy = area of cosmic brane created from “nothing”.
Amplitude for this process divergent if Lorentzian part (going all the way to I+) were
real. Here timelike part = pure phase cancels in probability (finite: bounded real part
from hemisphere, set by dS entropy).
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“Time-Entanglement” /Pseudo-entropy:
QM entanglement with timelike separations

(i) time-evolution operator as generalized density operator — partial trace
— RTE op — complex von Neumann entropy ...Pseudo-entropy.
(ii) future-past entangled state & its density matrix: positive entropy EE > 0.
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“Time-Entanglement”: reduced time evol” op

dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes|

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial
trace over environment: i.e. “reduced transition amplitudes” and entropy.
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“Time-Entanglement”: reduced time evol” op

dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes|

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial
trace over environment: i.e. “reduced transition amplitudes” and entropy.

Ut) = et — pi(t) = % - pl=treps — Sa=—tr(ptlogpd)
_uw ) —iEt
”f(‘)=#()t) = e =Tipil)plilp . pi:ﬁ .
= e =i pllp > Sa=—%;p} logp)
[alternative normalization, ¢ = 0: p;(t) = #"()0)]

Resemble usual finite temp entanglement: but imaginary temperature (8 = it).
[Related quantities: time-evolution op with projection onto some state, i.e. U(t)|I)(I| = |F(t))(I|.]

< Pseudo—entropy [entropy of reduced transition matrix (Nakata, Takayanagi, Taki, Tamaoka, Wei,’20)].
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“Time-Entanglement”: reduced time evol” op

dS extremal surfaces anchored at future boundary It do not return: extra data
required on boundary conditions in far past. [Witten 01, dS = past-future amplitudes|

Like scattering amplitudes: final states from initial states; equivalently time evolution.

— Entanglement-like structures from time evolution operator U(t) after partial
trace over environment: i.e. “reduced transition amplitudes” and entropy.

Uut) = et pe(t) = TZ;[ZE[t()t) - P? =trgpr — Sa= *tT(P? log P?)

= U ; —em B
pe() = mgry = e =Eipiliplilp Pi= s o Bt
¥ e
= =0 lip'lp =  Sa=-X;p} logp]
) o _ U
[alternative normalization, t = 0: py(t) = #()0)1

Resemble usual finite temp entanglement: but imaginary temperature (8 = it).
[Related quantities: time-evolution op with projection onto some state, i.e. U(t)|I)(I| = |F(t))(I|.]
< Pseudo—entropy [entropy of reduced transition matrix (Nakata, Takayanagi, Taki, Tamaoka, Wei,’20)].

[KN, Saini, 23]

- Pseudo-entropy from
Time Evol'n “Components” of time Evol'n op pL” = pe|I)(I]:

¢ | reduced transition matrix
operator py p¢ with projection onto initial state | I')

A _ | F) (1|
Teir = TrB(Tr(|F)(I\)>
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“Time-Entanglement”, examples: 2-qubits etc

2-state system: H|k) = By lk), (k=1,2; (1]2) =0); |k)p = |k(t)) = e *Frt|p)p.

Pt = ﬁ(\l)(l\ +et912)(2]), 0=—(Ey—Eq)t; 2-spinanalogy: [1) = |++), [2) = |——)
Trp A . 0 A A 1 1 1 1
— p{ = entropy S% = —tr(pj logpi) = — 15ci® log 1500 Ti.—i0 log T

Real-valued, oscillating in time, periodicity ~ ﬁ unbounded at t = %: min Si‘ =log2at t= ZAW—E
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“Time-Entanglement”, examples: 2-qubits etc

2-state system: H|k) = By lk), (k=1,2; (1]2) =0); |k)p = |k(t)) = e *Frt|p)p.

pr = 1+ﬁ(\l)(l\ + ei9\2)(2\), 0 =—(Eg— Eq)t; 2-spin analogy: [1) = |+4), [2) = |——)

Trp A 0 1 1 1 1

— p{ = entropy S% = —tr(pt log pt )= — I log 50~ 15e—i0 log T
Real-valued, oscillating in time, periodicity ~ ﬁ unbounded at t = %: min Se =log2at t= ﬁ.

General 2-qubit Hamiltonian # = By1]11)(11] 4+ Ega22) (22| + By (]12)(12] 4 [21)(21])

—iBy; 111)(11]+e%01 |22) (22] 4992 (J12) (12| +|21) (21]) t=0 1=

Pt =Ny S5 e it g i) = ( 14eP1 120102 ) [==11]
T2 o = e (U4 €102) 1 (1 + (01 4 e302)12)(21) | 01 = ~ (B2 =Bt
e T h2e 02 = —(B12—-Eq1)t

Generically complex-valued von Neumann entropy. (mixed EE, imaginary temp 8 = it)
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“Time-Entanglement”, examples: 2-qubits etc

2-state system: H|k) = By lk), (k=1,2; (1]2) =0); |k)p = |k(t)) = e *Frt|p)p.

Pt = ﬁ(\l)(l\ +et912)(2]), 0=—(Ey—Eq)t; 2-spinanalogy: [1) = |++), [2) = |——)
Trp A 0 1 1 1 1
— p{ = entropy S% = —tr(pt log pt )= — 15ci® log 1500 Ti.—i0 log T

Real-valued, oscillating in time, periodicity ~ AE unbounded at t = %: min Se =log2at t=

AE

General 2-qubit Hamiltonian # = By1]11)(11] 4+ Ega22) (22| + By (]12)(12] 4 [21)(21])

_ —iE;j (111) (11| +e01 |22) (22| +e?92 (J12) (12| +[21) (21])) t=0, 15
pr=N¢Xi e ligy (gl = 0y aui0a [+=% 14]
Tr —
Lra, pf:ﬁ((l+el92)m<1|+( 101 4 ei02))2)2]) | 01 = —(Ba2—E11)t,
the "tz 02 = —(E12—Eq1)t.
Generically complex-valued von Neumann entropy. (mixed EE, imaginary temp 8 = it)
% Projection onto Thermofield-double initial states |1) = Sy 5 ¢;;141)
Tra |1),A 1 2 2_i0
=2 A e L (lenn 1210 (1] + ezl ?]2) (2 0=—(Egg—E11)t
t le11 2 Floag et ( 11 22 ) [ 22 = F11)t]

= reduced transition matrix for |I) and |F) = Y c;;e *Fiit|ii) (— pseudo-entropy).

Max. entangled (Bell-pair) states |c11 |2 =|coa|? = % — S% (2-state above). Min S% = log 2=EE(|I)).
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Future-past surfaces, f-p “entanglement”

dS future-past surfaces connecting I to I~.
( Hartman-Maldacena ( AdS bh) rotated) h
Suggests future-past entanglement (betw Ii). v

Recall eternal AdS bh dual to CFT, x CFTR in TFD state (Maldacena)

Speculation: (Lorentzian) dS4 dual to CFTF X CFTp in [KN ’17; also
F .P ’
thermofield-double entangled state thf’;,d> =S ¢in ot iyl ? Arias, Diaz,Sundell, 19]

Tracing fp-dm over past copy gives mixed state at I+,

2 copies of future-past entangled states & density matrices: positive entropy EE > 0.

Tr,
|[Yfp) — f-p density matrix ps, = [¥) pp (Y] sp =, positive structures.

Connectedness of fp-entangled states & timelike entanglement <+ emergence of time?

van Raamsdonk: space emerges from entanglement.
Factorized fp-states \«b;}))wg)): Trppg, — Pure.
Entangled fp-states: reduced transition matrix = time evolution operator.

[U(t) = Tra(lvfp) (w1 )] Time evol'n = f-p EE. Timelike ER=EPR?
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“Time-Entanglement”: future-past EE

sy‘ dS extremal surfaces at I & areas = space-time rotations from AdS.
-\

Dad

e.g. dS future-past surfaces < rotated Hartman-Maldacena surfaces (AdS bh).

Recall f-p surfaces suggest future-past entanglement |v);, = Zwifﬂf lin) Flin) p-

T
f-p density matrix [¢) 7, (¥ fp —" 5 red. d.m., nontrivial EE.

Example, 2-state QM: Hk) = Bilk), k=1,2; |k)p = k) = Frtik)p. [(1]2) = 0]
W) pp = D5 FINp + J512r20p = Jse PN pIp + e P20 2) pl2)p
fp-density matrix p = |w>fp<¢\fp Tr*P> Sijwlfc;(w;p)lj — time-evol’n phases cancel —

prp = Trpl) fp(blypp = S Elp + 312 C2lIF

Now imagine 2-spin analogy with |1) = | + +), |2) = | — —): partial trace over second component
— Tropsp = %H—)FH—IF + %|—>F<—|F — positive entropy log 2.

[Similar positive structures with ghost-spins ]

Future-past TFD state with timelike separation quite different in principle from

usual TFD. Positive structures in f-p d.m. despite timelike separation.
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de Sitter extremal surfaces,
subregion duality, entropy relns
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dS surfaces, subregion duality, geometrically

IR surface, t = const slice, maximal subregion — red surface;

Generic subregion, blue: tilted “great circle” in hemisphere, i
joining with tilted timelike surface in Lorentzian top half.

dS3 explicitly solvable; dSqy1, perturbatively analysed. -t

Time-entanglement /Pseudo-entanglement

wedge: Max subregion, t = const slice: green )
bulk region bounded by (red) IR surface and

boundary subregion. (Violet complement region) al.

Including t-direction — top wedge (containing future of IR surface on vertical
t = const slice), bounded by I'" subregion = analytic continuation from AdS.
Space-time rotation from AdS EE wedge. (dS/CFT via relative entropy, modular flow etc?)

Multiple disjoint boundary subregions: red, violet, blue no-bndry dS AN
extremal surfaces. Complex areas so quite different from AdS EE. “‘. .

Bulk subregions not disjoint: except for IR (maximal) subregions.

[Note that t = const slice geometric subregion duality is somewhat different from equatorial plane d.S surfaces.]
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dS surfaces, entropy relations/inequalities
asg: sl = 71'2&3 log Be 14G log(sin? 0o0) + 75k
IR, 6o = & : S{H:77‘,:— log Be *4(,5

Two adjacent disjoint subregions A, B (2000 =%); AUB = (2000 =m).

“Mutual time-information” or “mutual pieudo—information”:

I4[A, B] = S[A] + S[B] — S[AU B] = 2G log +12G log2+4G

= Rely >0, ImI; <O0. (antipodal subreglonm, I; = 0)
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dS surfaces, entropy relations/inequalities
asg: sl = 71253 log Be 14G log(sin? 0o0) + 75k
IR, 6o = & : sk = 7)(dl<)g +4(,

Two adjacent disjoint subregions A, B (2000 =%); AUB = (2000 =m).

“Mutual time-information” or “mutual pseudo—information”:

I4[A, B] = S[A] + S[B] — S[AU B] = 2G log +12G log2+4G

= Rely >0, ImI; <O0. (antipodal subreglonm, I; = 0)

=7

Tripartite time-information: 3 disjoint adjacent quadrant subregions A, B, C (2000 = %).
A U B, B U C maximal (IR) subregions. A U C, antipodal quadrants (extr. surf. = “inner” (= B) + “outer”).

4 2 4 4 4
sAfstscfs"/, sAstBcfs"/ Sac 75"/ +s§’/, sABcfs"/

I§[A,B,Cl = Sp + S+ Sc — Sap — Spc — Sac + Sasc =i2cl;3 log2 = ImI§>o.

SAB+SBC—SABC—SB:—i2é3 log2,} Re SSBY ,
SAB+SBC—SA—SC:—1‘2CL',3 log 2. Im SSBY ,

0,
Strong subadditivity:

IN IV

0

dS area/entropy relations special (relative to qubit system pseudo-entropies).
Note: AdS analytic continuation il — —L = MI >0, I3 <0, SSB"“?>o0.
Consistent with AdS RT/HRT areas which are also special Hayden Headrick,Maloney, 1.
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Qubits, pseudo-entropy inequalities

I| U)| 1) (1]

LF)( _ : —iHt
TeRI) = e D D [= time evoln op U(t) =e i H?

Pseudo-entropy p: = with projection]

for TFD-type initial state |I) and its time-evolved final state |F') = U(¢)|I).
2-qubits: [I) = c11]11) + c02]22), |F) = c11e E11t|11) 4 cope~1F22%|22)

lle1112+leaz2l? =15 le1112 =25 6=—(Bgp - E11)t]

Pt =Trope, p2 =Tripe. p2=pf = m(z\lﬂll +(1— w)ei9‘2>(2|> ,
i0 0
2 1 x x (1—m)e” (1—x)e
Sy =8S; = — — 1 - — - 1 -
t t T+ (1—2)ei® C oi(l—a)e®  z4(l—a)et® % at(1—xz)eid
Near t = 0: S}(t) ~ S}(0) + L skt =sg,
5E(0) = —zlogz — (1 — z)log(1 —x), £ 5H(0) = —iAEz(1 — ) log 12—

Mutual pseudo-information: I4[1,2] = S} + 57 — S ~ 259; Rel; >0, ImI; 20
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Qubits, pseudo-entropy inequalities

Pseudo-entropy p; = Tr‘(ﬂzﬂgilﬂ) = Trzsz({f()t\)ll>1§1<|“) [= time evoln op U (t) = e~ *H? with projection]

for TFD-type initial state |I) and its time-evolved final state |F') = U(¢)|I).

2-qubits: [I) = c11]11) + c02]22), |F) = c11e E11t|11) 4 cope~1F22%|22)
lle1112+leaz2l? =15 le1112 =25 6=—(Bgp - E11)t]
2 1
t

1 2 1 16
Pt =Trapt, p3 =Tr1ipe, Py =pp = W(zmuwuﬂw 12)¢21)

(1—z)et? (1—z)et?

2 1 x x
Sy =8S; = — — 1 - — - 1 -
t t T+ (1—2)ei® C oi(l—a)e®  z4(l—a)et® % at(1—xz)eid
Near t = 0: S}(t) ~ S}(0) + L skt =sg,
5E(0) = —zlogz — (1 — z)log(1 —x), £ 5H(0) = —iAEz(1 — ) log 12—

Mutual pseudo-information: I4[1,2] = S} + 57 — S ~ 259; Rel; >0, ImI; 20 ‘

3-qubits: |I) = c1111111) + c2221222), |F) = cy11e” *PLI1E[111) + cgope ™ 182227 222)

123 F) (I 1 123 1 i0 2 3 1
2 = s ph = Teag 0123 = W(zmm + - 2)e?2)2)). o7 =0f = o},

12 _ 123 _ 1 _ 6 23 _ 13 _ 12
pi2 = Trg o} 77$+<lﬁ)ew(z\u><u\+<1 @)etf122)(22]), pP3 = p}® = o}

i i i ion: 1t _ sl g2 3 _ 423 13 12 123 _
Tripartite pseudo-information: 1%[1,2,3] = s} + s7 + 57 — 572 — 53 - 52 + s{?3 =0

SSB: ssBt =5}2+523-5}22-52 =5}, ssBl=5/2+53 -5l -5} =0
ReSSBY >0, ImSSBY 20 (z# %)

[Specific TFD states above; more general states?]
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Conclusions, questions

e Future boundary: no IT — It turning point. Surfaces do not return to I+.

(a) Future-past surfaces, end at past boundary I . Pure imaginary area.

Suggest a CFTp x CFTp dual in f-p TFD-like entangled state. —
codim-2 surfaces <>
(b) No-boundary surfaces, top timelike f-p joined with Eucl surface o 1m surlaces .
antipodal metaobservers?
in bottom hemisphere. Real finite part of area is half dS entropy. —

— Pseudo-entropy. AdS, analytic cont’n = space « time rotations.

Lewkowycz-Maldacena, pseudo-entanglement wedge, entropy inequalities.

Various new features. Deeper understanding? More generally, extremal surfaces, cosmology, past boundary condns?

e Spatial infinity boundary (AdS) rotated to timelike infinity boundary (dS): spacelike
RT/HRT surface (real area) rotated, includes timelike components (complex area).
Time-entanglement/Pseudo-entropy: entanglement-like structures, timelike separations:

(i) reduced time evolution operator, mixed state EE + imaginary temperature
<> reduced transition amplitudes, pseudo-entropy, ...

(ii) positivity in future-past entangled states & density matrices.

® More general cosmologies (upcoming, Goswami, KN, Yadav): need to define time contours

carefully to define no-boundary areas etc.
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Holographic entanglement entropy

Entanglement entropy: entropy of reduced density matrix of subsystem.

EE for spatial subsystem A, Sy = —trp4 logp 4, with partial trace p4 = trgp.

sy s

i
NG

Operationally: Const time slice, boundary subsystem — bulk slice, codim-2 extremal surface.

Ryu-Takayanagi: EFE = W

[~ black hole entropy] Area of codim-2 minimal surface in gravity dual.

Non-static situations: extremal surfaces (Hubeny, Rangamani, Takayanagi).

2
Ex.: CFT4 ground state = empty AdSg 1, ds? = I:—Q (dr2 — dt? + dw?). Strip, width Az =1, infinitely long.

d—1
V, R
Bulk surface x(r). Turning point ry. Sy = Jd—27% 1 ddil 1+ (8r2)2 — extremize —
ks

1Ga41
2d—2
(9pa)2 = %ﬁ s % = Jo* drop=. | o gty AdS Kasner:
- *
d—1 spacelike extremal surfaces in
5, = Ya—2h re _dr P
4G4 € rd-1 [1—(r/rye)2d—2 ‘ reliable semiclassical region
far from singularity.
[2d] Sy = 253 logé ,

e . .
me s tg Surface lies almost on

extremalsurface

CFT thermal state (AdS black brane): minimal surface _ T
t = const slice and

i d—1 T—— . .
wraps horizon. sfi7 ~ gT Td—1 Vg_ol oundary wegraicamein— hends away from singularity.
+1

(Manu,KN,Paul,’20)
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de Sitter future-past surfaces

=1y,
o Vgd—2
1Gat1

Boundary Eucl time slice: s4=2 ¢ 5d—1; codim-2 surfaces wrap gd—2 [all gd-1 equatorial planes equivalent]

Entirely timelike surface so overall —i in area S — S =—i

I - f@n?

"

. 22 2\20,1\2 _ B2r2d-2
Extremize — we = (1 - T ) (’LU ) = W .
209y g o
B=const, S = —ZTSd T gzl —_—1t . s
d+1 € T 1—724B272d=2 N
Future-past surfaces stretching from It to I~ | [kN17] »

Hartman-Maldacena surfaces (AdS bh) rotated.

[real turning point 74 at || — oco: 1 —73 + Bzvfd_Q = 0}

Limiting surface as Aw — oo, whole space at IT  (das4: B - Lire = V2)

Area law divergence sdiv ~ 71%£ ; Finite part sfin ~ —; "Glj Aw
Scaling: de Sitter entropy — akin to number of degrees of freedom in dual CFT.

Suggest TFD-like entangled dual of two CFT copies at IT. [AdSy BHRT-EE ~ g—i (% + #T2VL)]

Vanishing mutual information, SSB saturated, “entanglement wedge”, subregion duality, ...

A = (wyp,wg), B = (wg,wy) = S[AUB] = S[wy] + S[wa] 4+ S[wz] 4 S[wy] = S[A] + S[B]
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.
de Sitter future-past surfaces
[Future-past surfaces: entirely timelike surface, overall —i in area.]
dS global: sphere foliations. ds3,, = —dr? + 12 cosh? T an3.
Budry Eucl time: any S% equatorial plane. Cap-like subregion (Ii): 0 = const latitude on S9!,
e o
. Future-past surfaces stretching betw caps at 1+
2092V
S = —iWSfZ [ dT (cosh T)d_2 (sin G)d_2\/1 — cosh? 7 (8,6)2

2
— ., _ _;ml? e/l
R—6=73: S=—ig- [

wrapping S d—2,
=2

2
dt cosht ~ —i ;GL4 TLL [dSy4]

Area law divergence, no finite part. [cutoff Te = le=T¢/l ~ 0 near 7¢ — ool

2 _ 2,52 21 102 — 2 _ T
dsgl0b01|9d:const = —d7r°+1%cosh® T dQ3_, = dsstatic'f,:congf, [r=1cosh l]

dS static: Bndry Eucl time slice: t = const slice [S“l_1 eq.planes earlier|

[t is Killing time in AdS BH analogy before rotating to dS; also Killing time ¢ in static patch.]

Cap-like subregion (IT): 6 = const latitude on S4—1. [generic o difficult to analyse explicitly.]
ds, 2
6 = T — simplifications — extremal future-past surface — Area s —2%, _;7l

G

N
o=
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Quantum extremal surfaces: de Sitter (poincare)

Goswami,KN,Saini

_ R2 2 2 2 2 _ Rt o 9 2
= fp(car? 4 ae? + v - ¢ = —T)d , ds® = (—T)d'i+1( dr + dx®)

dSq, 4ot ds?

: . _ ¢ Rr%i . o pgld;+1)/2
Generalized entropy: Sgen = L ﬁ + £ log (A i )

2 _ Y2 2
Cn@Fn/z) AT=BnTmmT)

ation: | € Az _ di¢ R c ditl _ ¢ T=79
Extremization: | § 35 =0, & (Cr)ditT ti2 T 3 Az = 0
o Timelike-separated QES: (d; =1 +» dSg, Chen,Gorbenko,Maldacena)
_ 2 (2. di¢gr R% | ¢ di+1 _
Az =0, A% =—(1—10) TG (7—)’1+1+ (-r)+37—m_0
i . Aw = = di  3éry1/d;
Late-time observer 7 ~ 0: Az =0, 74 = 7R(377;ii EE) /d4

Timelike-separated = A2 < 0 — generalized entropy acquires imaginary part

e Spacelike-separated QES: exist in certain regimes with spatial regulator

d;br R% d;i+1
A ~RE, G a5 S~

T—T0

~C
7~ 3 R2

* Re — oo = T — —oo. * Late-times — no real solution.

FRW, scalar source p = wp! ds? = —dt? + a(t)?dz? — ¢ =ai, ds? =aditl(—dr? + da?)
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